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ABSTRACT
Context. This study is based on the use of the new ExoMol TiO rovibronic line lists to identify and model TiO
isotopologue features in spectra of M-dwarfs.
Aims. We aim to investigate problems involving the computation of electronic bands for different isotopologues of TiO
by modelling optical spectra of late-type stars and to determine their Ti isotopic abundances, to compare the TiO
isotopologues spectra computed using line lists by different authors.
Methods. We fit theoretical synthetic spectra to the observed stellar molecular bands of TiO. We model spectra of two
M-dwarfs: GJ 15A (M1V) and GJ 15B (M3 V) to determine Ti isotopic ratios in their atmospheres.
Results. We demonstrate the accuracy of the ExoMol Toto line list for different isotopologues of TiO and the possibility
of determining accurate Ti isotope abundances in a number of spectral ranges. The 7580–7594 Å spectral range seems
particularly useful, with two atomic lines of Fe I and molecular band heads of 50TiO, 49TiO, 48TiO, 47TiO clearly
observable in our two M-dwarf spectra. We determine non-solar Ti isotopic ratios of 46Ti : 47Ti : 48Ti : 49Ti : 50Ti=
7.9 : 5.2 : 72.8 : 7.9 :6.2 for GJ 15A and 7.4 : 4.2 : 76.6 : 5.8 : 6.0 for GJ 15B with accuracy of order ± 0.2. [Ti] = 0.040
and 0.199 within accuracy ± 0.10 were also determined for GJ 15A and GJ 15B, respectively.
Conclusions. We find that the ExoMol Toto TiO line list: a) describes the fine details in line position and intensities
of the M-dwarf spectra better than other available TiO line lists; b) correctly reproduces the positions and intensities
of the TiO isotopologue band heads observed in M-dwarf spectra; c) can be used to determine Ti isotope abundances
in atmospheres of M-stars.
1. Introduction
Naturally occurring titanium, the element of nuclear charge
22, is composed of five stable isotopes; 46Ti, 47Ti, 48Ti,
49Ti and 50Ti. Thus far, nuclide abundances of these ele-
ments in the solar system formed 4.56 Ga ago have been
measured with high accuracy. 48Ti is the most abundant
isotope (73.72% natural abundance) with solar system iso-
topic ratios of 46Ti: 47Ti: 48Ti: 49Ti: 50Ti= 8.249 : 7.372 :
73.72 : 5.409 : 5.185 (Lodders et al. 2009), similar numbers
are given by De Bievre & Taylor (1993). Atoms of Ti iso-
topes in low temperature regime (T < 4000 K) are bound
in TiO molecules, molecular bands of TiO are used to as-
sess the low-mass stars and brown dwarfs of spectral class
M. Twenty-one radioisotopes of Ti have been also char-
acterized, with the most stable being 44Ti with a half-
life of 60 years. 44Ti is observed in the supernova (SN)
remnants, see Mochizuki et al. (1999a). This isotope offers
one of the most direct probes into nucleosynthesis environ-
ments in the interior of exploding stars, when the asso-
ciated gamma-ray activities in the explosion remnant are
detected and translated back to the isotopic abundances
at the time of the explosion (Mochizuki & Kumagai 2004;
Mochizuki et al. 1999b).
Details of the galaxy nucleosynthesis of Ti isotopes are
described in many papers, e.g. see Hughes et al. (2008).
Sources of the stable Ti isotopes are known pretty well,
see table 1 in Alexander & Nittler (1999) as well as
Woosley & Weaver (1994):
– 46Ti and 47Ti are formed during explosive oxygen
and silicon burning, respectively, in SN Types II and Ia;
– 48Ti is formed by explosive Si burning in Type II SN;
– 49Ti is formed by the explosive Si burning in Type II
SN;
– 50Ti is formed in nuclear burning in Type Ia SN.
Mochizuki et al. (1999a) noted, that long-lived isotopes
with mean lifetimes of the order of 106 yrs or longer will
reflect a superposition of different supernovae at differ-
ent times, mixed with interstellar matter. Consequently,
abundances in an individual object are formed by differ-
ent branches of many processes at large time scales. Only
short-lived isotopes will clearly trace individual events.
The classical model of Timmes et al. (1995) suggested
that most stable Ti isotopes were under-produced with re-
spect to solar values: relative to 48Ti and the solar system
isotopic ratios, the predicted abundances of 46Ti, 47Ti, 49Ti,
and 50Ti are factors of 2 too large, 3 too small, spot on,
and 2 too small, respectively. Isotopic ratios were predicted
to decline with decreasing [Fe/H] by factors of 8 for 46Ti, 6
for 47Ti, 2 for 49Ti, and 30 for 50Ti between [Fe/H]= 0 and
-1. The degree of this underproduction depends on many
theoretical assumptions, see Hughes et al. (2008).
Essentially, modelling the abundances of TiO isotopo-
logues (Lambert et al. 1972; Wyckoff & Wehinger 1972;
Lambert & Luck 1977; Clegg et al. 1979; Valenti et al.
1998) is the only way to extract Ti isotopic abundances
from M-stars. It is a very hard task to determine Ti iso-
topic ratios from analysis of atomic lines due to small iso-
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2topic shifts of different isotopic lines, see Kobayashi et al.
(2019) and references therein. Indeed, broadening of spec-
tral lines by macroturbulence in the stellar atmospheres as
well as any notable rotation of stars makes separating of
the atomic spectra of different isotopes almost impossible
(Tennyson 2019).
Accurate molecular line lists - i.e. lists of energy lev-
els and the intensity of spectral transitions - are crucial
for correctly modelling a variety of astrophysical phenom-
ena, including stellar photospheres and the atmospheres
of extra-solar planets. Transition metal diatomic line lists
are particularly difficult due to the large number of cou-
pled low-lying electronic states (Tennyson et al. 2016a).
TiO line lists are particularly important for studies of M-
dwarfs (Pavlenko et al. 1995; Allard et al. 2000) and a num-
ber of them have been constructed (Schwenke 1998; Plez
1998; Ryabchikova & Pakhomov 2015; McKemmish et al.
2019). The most recent of these is the Toto line list of
McKemmish et al. (2019) which was computed as part of
the ExoMol project (Tennyson & Yurchenko 2012).
TiO line lists were first used to extract titanium
abundance in the 1970s, e.g. by Lambert et al. (1972);
Wyckoff & Wehinger (1972); Lambert & Luck (1977);
Clegg et al. (1979). These studies were limited, however, by
the quality of the underlying line list, leading Valenti et al.
(1998) to introduce isotope-dependent shifts to the line po-
sitions. These modifications should be no longer necessary
with modern line list development techniques.
The majority of previous studies used the spectral range
7053.5 - 7055 Å to quantify abundance of TiO isotopo-
logues and thus Ti abundance. However, the quality and
availability of new more accurate TiO molecular spectro-
scopic data and analysis techniques means the suitability
of this spectral region should be reconsidered.
We note that detailed comparisons with high resolution
M-dwarf spectra performed by McKemmish et al. (2019)
showed that their Toto line list performed much better
than the earlier line lists, particularly in matching line po-
sitions. These comparisons naturally concentrated on the
main, 48Ti, isotopologue. In this paper we assess the utility
of the Toto line list for modelling TiO isotopologue spec-
tra in M-dwarfs. A more detailed discussion of the Toto
line list is given below. We also extended the comparison
of the quality of TiO isotopologue line lists computed by
different authors, see Section 2.1 using the comparison of
fits of computed spectra to the observed spectra.
The nearest and brightest stars are among the best stud-
ied and hold a special place in the popular imagination.
The discovery of planets orbiting these stars tells us that
the solar neighborhood is potentially rich with exoplanet
systems, see Howard et al. (2014) for the complete list of
known exoplanet-hosting stars within 7 pc. The big advan-
tage of investigating these stars is that it is possible to un-
dertake extensive campaigns to characterize them using a
combination of high-resolution optical spectroscopy, near
infrared (IR) spectroscopy, long-baseline optical/infrared
interferometry, and high-cadence, broadband optical pho-
tometry. Even for the history of our own planetary system
the Ti isotopic studies are of great importance. Zhang et al.
(2012) found that the 50Ti/47Ti ratio of the Moon is identi-
cal to that of the Earth within about four parts per million,
which is only 1/150 of the isotopic range documented in me-
teorites, see table 2 in Zhang et al. (2012). It means that
the Moon-forming giant impactor, i.e hypothetical Theria,
would be of the same isotopic composition as our Earth.
Indeed, theory predicts that the Moon ends up constructed
mostly (40 – 75%) from the impactor materials. However,
the observed identical titanium (and oxygen) isotopic com-
positions in the Earth and the Moon are surprising in light
of what we think we know about planet formation and for-
mation of the Moon after a giant impact, see Taylor (2012).
We expect growing interest of exoplanetary astrophysi-
cists to isotopic studies of Ti and other elements.
In this paper we study the TiO isotopologues in spec-
tra of the wide binary system GJ 15 A,B. GJ 15A (also
known as Groombridge 34A, V* GX And, HD 1326A, HIP
1475, BD+43 44A, Gaia DR2 385334230892516480) is a
cool red dwarf of type M1. The other member of this bi-
nary star system, GJ 15B (also known as Groombridge
34B, V* GQ And, HD 1326B, BD+43 44B, Gaia DR2
385334196532776576) is fainter and has a spectral type of
a M3.5 V (Reid et al. 1995). Lippincott (1972) measured a
small astrometric segment of their orbit, giving an AB sepa-
ration of 146 AU and an orbital period of 2600 yr. Based on
an imaging search for companions at 10 µm with MERLIN
at Palomar, van Buren et al. (1998) ruled out additional
companions to A having projected separations of 9–36 AU
with Teff > 1800 K (M > 0.084 M⊙). Gautier et al. (2007)
found no infrared excess for GJ 15A at 24, 70, or 160 µm.
Since GJ 15A is a bright nearby star, many teams have
provided studies of this component of the binary system;
these are summarized in Table 1.
2. Procedure
In this paper we model optical spectra of M-dwarfs. TiO
features dominates here, however, other molecules also
provide notable features in different spectral ranges, see
Pavlenko (2014)1. Besides TiO, absorption by molecular
bands of VO, CaH, CrH, MgH and other hydrides from
Kurucz database (Kurucz 2011) were accounted in our com-
putations, as well as absorption by atomic lines taken from
VALD (Ryabchikova & Pakhomov 2015).
2.1. Titanium oxide line lists
In the following, we analyse different line lists for monosub-
stituted isotopologues of TiO computed using the Toto
line lists of McKemmish et al. (2019). The Toto line lists
were constructed for the main isotopologues of titanium ox-
ide (TiO), namely 46TiO, 47TiO, 48TiO, 49TiO and 50TiO.
Here and below we assume that oxygen is represented by its
16O isotope as other oxygen isotopes are much less abun-
dant in both the solar vicinity (De Bievre & Taylor 1993;
Lodders et al. 2009) and the majority of the known astro-
physical objects.
The Toto line lists contain transitions with wavenum-
bers up to 30,000 cm−1, i.e. long-wards of 330 nm, and
include all dipole-allowed transitions between 13 low-lying
electronic states (X 3∆, a 1∆, d 1Σ+, E 3Π, A 3Φ, B 3Π,
C 3∆, b 1Π, c 1Φ, f 1∆, e 1Σ+). The Toto rovibronic line
positrons were constructed using potential energy curves
as simple Morse oscillators with constant diagonal and off-
diagonal spin-orbit and other coupling terms fitted to match
known empirical energy levels and ab initio curves where
1 Color plots are available at
www.mao.kiev.ua/staff/yp/Results/M-stars/mb.htm
3Table 1. Parameters of stars taken from the literature.
Teff log g [Fe/H] CompStar Reference
GJ 15A
3606 4.93 -0.27 Passegger et al. (2018)
3669 -0.29 SUN Gaidos et al. (2014)
3693 -0.26 SUN Gaidos & Mann (2014)
3551 -0.28 Terrien et al. (2015)
3760 -0.23 Terrien et al. (2015)
3368 -0.26 Terrien et al. (2015)
3603 -0.30 SUN Mann et al. (2015)
3988 Gaia Collaboration et al. (2018)
GJ 15B
3283 5.11 -0.19 Passegger et al. (2018)
3282 -0.17 SUN Gaidos et al. (2014)
3540 5.30 -0.20 SUN Zboril & Byrne (1998)
3254 -0.20 SUN Gaidos & Mann (2014)
3218 -0.30 SUN Mann et al. (2015)
-0.08 SUN Newton et al. (2014)
3679 4.92 -1.15 SUN Prugniel et al. (2011)
3630 4.71 -0.88 SUN Koleva & Vazdekis (2012)
3330 5.08 -1.40 SUN Cenarro et al. (2007)
3636 Gaia Collaboration et al. (2018)
experimental data was unavailable. Accurate line intensi-
ties were generated using ab initio dipole moment curves.
Final line lists were computed using the variational nuclear-
motion program Duo (Yurchenko et al. 2016) where vari-
ous couplings were explicitly included. The Toto line lists
are appropriate for temperatures below 5000 K and contain
about 60 million transitions for the main TiO isotopologue;
higher temperature data is not required as TiO bands dis-
appear in stellar spectra above about 4200 K due to disso-
ciation of the titanium oxide molecule.
The variational procedure described above is known
not to provide sufficiently accurate TiO spectra for
high resolution studies, see Hoeijmakers et al. (2015)
for example. Therefore, McKemmish et al. (2019) used
empirical energy levels they had obtained previously
(McKemmish et al. 2017) using the so-called MARVEL
(measured active rotation-vibration energy levels) proce-
dure (Furtenbacher et al. 2007; Tóbiás et al. 2018) to im-
prove the Toto energy levels and thus predicted tran-
sition frequencies. MARVEL energies are only available
for 48Ti16O; the comparisons made by McKemmish et al.
(2019) show that these corrected frequencies reproduce the
majority of stellar features associated with TiO very well.
For the other isotopologues McKemmish et al. (2019)
adopted the method of Polyansky et al. (2017) and shifted
the isotopologue energy levels by the observed (MARVEL)
minus calculated value obtained for 48TiO. They made
no allowance for any shifts associated with breakdown of
the Born-Oppenheimer approximation. McKemmish et al.
(2019) provides initial evidence for the success of this ap-
proach in the region 14145 - 14175 cm−1 by comparing ex-
perimental TiO spectra to cross-sections generated using
the Toto line list and demonstrates that the weak peaks
in the experimental spectra are isotopologue peaks. The
present study provides a stringent test of how well this
method works in practice.
The Toto TiO spectroscopic data is given in two
datasets, a states and a transitions file (Tennyson et al.
2016b). The huge amounts of the data are not easy to use
directly in astrophysical computations. Therefore we con-
verted the Toto line data to the format of our synthetic
spectra computation programs, see Table 1 in Appendix.
Furthermore, to reduce the number of lines which could ef-
fectively absorb radiation in lower temperature regime con-
sidered here we select only stronger lines using the cutoff
parameter α > 10−6, here
α = gf ∗ exp(−E′′/kT ), (1)
where f is the oscillator strength of line in absorption, g is
the statistical weight of lower level, E′′ is the lower state
energy, T= 3000 K. After computing the wavelength of the
lines in vacuum they were shifted to the air wavelength
scale using formulae of Ciddor (1996). In the following we
use the air wavelength scale.
To estimate the quality of the different line lists, we
compared fits to the observed spectra of GJ 15A and GJ
15B using line lists of TiO isotopologues computed by
– Schwenke (1998), labelled S98 below,
– Plez (1998), an updated version was taken from the web
page2, labelled P12 below,
– McKemmish et al. (2019), the Toto line list.
Results of our comparison of synthetic spectra com-
puted with different lists with observed spectra are given
in Section 3.2.1 and 3.2.2.
2.2. Observed spectra
For the analysis, we used high resolution spectra of
both stars from the CARMENES spectral library of
Reiners et al. (2018). The CARMENES spectra cover the
2 https://nextcloud.lupm.in2p3.fr/s/r8pXijD39YLzw5T?path=
%2FTiOVALD
4wavelength range 520 – 1710 nm at a resolution of at least
R = 80,000 or better. The spectra of GJ 15A and GJ 15B
used in this work, were observed with exposures in 61 and
198 s to get the comparable S/N = 68 and 54, respectively.
We refer to Reiners et al. (2018) for more details. All theo-
retical spectra were shifted to account for the radial velocity
of the appropriate star.
2.3. Synthetic spectra, model atmospheres
To generate synthetic spectra we used the BT-Settl
model atmosphere (Allard 2014). Procedure for compu-
tation of synthetic spectra are described elsewhere, see
Pavlenko (1997). We adopted the solar abundances of
Anders & Grevesse (1989). Line profiles were computed us-
ing Voigt profiles, damping constants were taken from the
line list databases or computed in the framework of the
Unsold approximation. Synthetic spectra were computed in
wavelength steps of 0.025 Å, where we adopted the micro-
turbulent velocity of Vt = 1 km/s. Some numerical exper-
iments showed rather marginal dependence of our results
on Vt. Our fitting procedure did not reveal any notable
rotational velocities v sin i, therefore the theoretical spec-
tra were convolved with a pure Gaussian profile in order
to model the instrumental broadening, see next subsection.
We fixed Teff = 3800 K and Teff = 3500 K for the A and B
components, respectively. These values are not far from the
Gaia’s 3869 and 3636 K (Gaia Collaboration et al. 2018),
respectively.
2.4. Fits to the observed spectra
The best fit to the observed spectra was achieved by the χ2
procedure described elsewhere (Pavlenko 2014). We give a
few details here to aid understanding of our procedure. As
part of the fit, the function
S =
N∑
i=1
s2i (2)
is minimised, where si = |F obsi − F
comp
i
|; F obs
i
and F comp
i
are the observed and computed fluxes, respectively, and N
is the number of the wavelengths points used in the min-
imisation procedure. Three parameters used in our minimi-
sation procedure, i.e. the Doppler shift measured in km/s,
the flux scale normalisation parameter and the FWHM used
for the smoothing Gaussian, were determined for every fit-
ted spectral range. In our analysis we omit some spectral
ranges which contain artifacts provided by strong noise, tel-
luric absorption, bad pixels, etc. The minimisation sum S
is computed on a 3D grid of radial velocity sets, flux nor-
malisation factors, and FWHM parameters. Errors in the
fit are evaluated as ∆S =
∑
si/N .
3. Results
3.1. Search for the best spectral ranges
Spectral features associated with isotopologues are difficult
to see because they are faint and close to each other. The
flux ratio method shows the strongest TiO absorption re-
gions that should be analyzed for the largest splitting. This
should be complemented by observations of highest spectral
resolution (>100,000) and highest S/N, see Valenti et al.
(1998). It it worth noting here that usually the presence of
macroturbulence in the atmospheres of late-type stars re-
duces the effective resolution down to 70,000 or less. Gen-
erally, the use of flux ratios could provide an alternative
approach but restricting ranges to the band heads allows
the procedure to focus on measuring isotopic ratios. It is
possible that the use of much wider spectral ranges may
offer reasonable statistics on the accuracy of the individual
wavelengths in the new line list of the better quality.
On the other hand, going to the shorter wavelengths
may also enhance the chances of finding high quality
high-resolution spectra in observational archives (HIRES,
HARPS etc.), see Valenti et al. (1998) and others refer-
enced in the introduction. However, this approach requires
very high accuracy of the input line lists and even minimum
blending with other molecular lines, even from the same
molecule, is likely to cause problems. In practice the TiO
optical spectrum comprises absorption bands of different
systems and the responses of these band systems to changes
in the temperature structure of the model atmosphere are
different due the differences in excitation of the lower level
of each transition. Furthermore, using small spectral ranges
is better than using cross-correlation across a large spectral
range, and TiO the line list is less accurate at shorter wave-
lengths than longer wavelengths due to absence of reliable
spectroscopic data for the molecular levels with high exci-
tation, see McKemmish et al. (2019) Conversely, we know
from experience that analysis of the well-characterised iso-
topologue band heads across comparatively short spectral
ranges allows increasing accuracy of abundance determina-
tion by modelling infrared molecular bands of CO and SiO,
see Pavlenko et al. (2020) and references therein.
Therefore, as a first step in our analysis, we determine
which spectral regions are useful for Ti isotopic abundance
determination. To this end we computed two spectra of
fluxes: the first spectrum, F48, contains absorption of 48TiO
only, while the second spectrum Fall contains all TiO iso-
topologues assuming the “solar” Ti isotopic ratios. Both
spectra were smoothed by Gaussians with R = 60, 000
and are shown in Fig. 1 together with their Flux ratios:
Fr = Fall/F48. The flux ratios across band heads should
show the largest sensitivity to the isotopologue abundances.
Here we consider several spectral ranges with λ > 7000 Å.
At shorter wavelengths, spectra of M stars become more
complicated due to interference between different molecu-
lar bands while their flux also drops noticeably bluewards.
We denote the spectral ranges of interests as x1, x2 . . . x5
(see Table 2) and analyse the computed flux ratios in com-
parison with the observed X-shooter spectrum of GJ551
(Proxima Cen) as described by Pavlenko et al. (2017).
3.1.1. Spectral range x1: 7053.5 – 7055 Å
The main spectral feature of x1 is formed by the TiO γ-
system, i.e. A 3Φ – X 3∆, (0,0) band with its leading
red-degraded band head at 7054 Å. This spectral window
was used for modelling sunspot spectra by Lambert et al.
(1972), Omicron Ceti by Wyckoff & Wehinger (1972), Alde-
baran by Lambert & Luck (1977), spectra of late-type
dwarfs and giants by Clegg et al. (1979), studies of M-
dwarfs by Valenti et al. (1998) and spectra of local M-
dwarfs by Chavez & Lambert (2009). Unfortunately, the
5Table 2. Spectral ranges of our interest.
Sp. range Wavelengths (Å), air Wavenumber (cm−1) El. system (v′′,v′)
x1 7053.5 – 7055 14173.2 - 14170.2 γ (A 3Φ - X 3∆) (0,0)
x2 7580 – 7594 13188.8 - 13164.5 γ (A 3Φ - X 3∆) (0,1)
x3 8194 – 8204 12200.5 - 12185.6 δ (b 1Π - a 1∆) (1,0)
x4 8858 – 8862 11286.0 - 11280.9 δ (b 1Π - a 1∆) (0,0)
x5 9720 – 9737 10285.1 - 10267.1 δ (b 1Π - a 1∆) (0,1)
TiO band head in this region is formed by blends of unre-
solved components of TiO isotopologues, see the top right
panel of Fig. 1, therefore we preferred to use wavelengths
longer than the molecular head at 7054 Å. Furthermore, at
the wavelength of the band head there is a strong atomic
line, clearly seen in the spectrum of Arcturus (Hinkle et al.
1995), which further complicates the analysis.
It is worth noting that this spectral range is also affected
by absorption due to strong lines of the TiO γ′ (0,1) band
which is a part of the B 3Π – X 3∆ band system the (0,0)
band head at 6192.5 Å. A mixture of lines of the γ and
γ′ bands complicates the fine structure analysis of the x1
spectral range. Note both bands are included in the Toto
line list.
3.1.2. Spectral range x2: 7580 – 7594 Å
The head of the red-degraded (0,1) band of the γ-system
(A 3Φ – X 3∆) is located at 7589 Å. Here we have some
contribution from lines in the tail of the (0,0) TiO band,
which becomes stronger at lower Teff .
Generally speaking the fluxes in the optical spectra of
late type dwarfs increase to the red, therefore this spec-
tral range is preferable. On the other hand, the strong tel-
luric O2 A-band absorption is located approximately at λ =
7580 Å (Rudolf et al. 2016). We note that the position of
the molecular head in stellar spectra reduced to the local
coordinate frame varies depending on the relative radial
velocity of the star. In the X-shooter spectrum of Proxima
Cen obtained with long exposures, the O2 molecular band
is found at even shorter wavelengths, i.e. beyond 7580 Å.
There are two atomic lines of Fe I in the x2 spectral range
which provide the means to determine accurate Doppler
shifts important for the proper identification of the weak
TiO isotopologue features.
As shown in the left middle panel of Figure 1, features
created by 50TiO, 49TiO, and, of course, 48TiO are clearly
seen in the computed HIRES spectra as well as in the X-
shooter spectrum of intermediate resolution of Proxima.
The heads of the of isotopologues bands 46TiO and 47TiO
can be seen only in the background of stronger lines be-
longing to the tail of 48TiO in the HIRES spectra.
An additional advantage of the x2 spectral region is the
presence of two atomic Fe I lines at 7583.8 and 7586.0 Å,
see the downward arrows in the middle left panel of Fig. 1.
These lines are clearly seen in the Arcturus spectrum, and
can be used for accurate wavelength reduction in cooler
stars, as well.
3.1.3. Spectral range x3: 8194 – 8204 Å
The x3 spectral range contains the (1,0) band head of the
δ (b 1Π – a 1∆) system of TiO. The main absorption fea-
ture here is formed by the reddest line of the subordinate
Na I triplet at 8183.255, 8194.790, and 8194.823 Å(8200 Å
triplet), see the right middle panel of Fig. 1. Interestingly,
the molecular bands occur in the reverse order in compar-
ison to the γ band system; here the heads of the isotopo-
logues bands occur in ascending order, i.e. from 47TiO to
50TiO.
Unfortunately, that structure of the x3 spectral range
makes the detailed analysis of the weak molecular fea-
tures created by the bands of TiO isotopologues difficult.
Subordinate Na I lines of the 8200 Å triplet are well
known indicators of the gravity in the late type dwarfs,
but they depend on the effective temperature as well, see
Schlieder et al. (2012). Likely, the x3 wavelength range can
be used for Ti isotopic analysis in spectra of the lower grav-
ity stars, in which Na I lines at 8200 Å should have weaker
wings.
3.1.4. Spectral range x4: 8858 – 8862 Å
The strong head of the (0,0) band of the δ system, i.e.
b 1Π – a 1∆, is a notable observational feature in the x4
range. Unfortunately, the wavelength shifts between heads
of TiO isotopologue bands are small so that even in the
HIRES spectra one can see only one band head formed by
several TiO isotopologues bands. The tail of the compos-
ite molecular band provides some opportunities to detect
isotopologue lines which are notably shifted with respect
to the 48TiO lines; these can be seen in the 8881 – 8862
Å range where strong atomic or telluric lines are absent.
On the other hand, these wavelengths are severely polluted
by (0,0) FeH and CrH molecular lines of the FeH F 4∆i−
X 4∆i and CrH A 6Σ+− X 6Σ+ systems with band heads
at 8694 and 8520 Å, respectively, see Pavlenko (2014).
3.1.5. Spectral range x5: 9720 – 9737 Å
The x5 spectral range contains the (0,1) band head of the
δ (b 1Π – a 1∆) system of TiO. The bottom right panel of
Fig. 1 illustrates at least two problems of this wavelength
range: (a) the spectrum is severely polluted by telluric ab-
sorption; (b) the strong Ti I atomic line at 9728.32 Å seen
in the spectrum of Arcturus and Proxima forms blend with
a molecular band head of 48TiO. On the other hand, the
TiO isotopologue band heads are well spaced in wavelength.
Again, molecular bands of heavier isotopologues are shifted
blue-ward, away from the strong 48TiO band head. The x5
spectral range can be used for determination of 50TiO and
49TiO abundances but only in the of absence of telluric ab-
6sorption at the wavelengths of their band heads. The 47TiO
and 46TiO band heads can be observed in the background
of the stronger tail of the 48TiO band. Again, the strong
telluric absorption makes it difficult to perform fine analysis
of the weak molecular features across this spectral range.
3.2. Determination of Ti isotope abundances in atmospheres
of GJ 15A and GJ 15B
After selection of the best spectral ranges for the deter-
mination of Ti isotope abundances, we performed fits of
our synthetic spectra to observed spectra of GJ 15A and
GJ 15B across selected spectral ranges to demonstrate the
possibility of using them to determine abundances of Ti
isotopes in their atmospheres. As before we assumed that
all oxygen atoms exist in the form 16O.
3.2.1. Spectral range x1
As shown in Section 3.1.2, the heads of the (0,1) band of the
γ-system of TiO isotopologues form an unresolved blend at
7054 Å, even in HIRES spectra obtained with R ∼ 70,000.
Some authors used spectral regions beyond 7054 Å for TiO
isotope abundance determination. Spectral ranges ∼ 7071.5
– 7075 Å and 7079 – 7082.5 were used by Lambert & Luck
(1977) and Clegg et al. (1979) to analyse spectra of M-stars.
Detailed identification of positions of TiO isotopologues is
given in their papers. However, we see from their identifica-
tions that at nearly all wavelength there is a contribution
from several TiO isotopologues. To illustrate this point, the
two upper panels of Fig. 2 show spectra of all TiO isotopo-
logues computed separately. In fact, we show here fluxes
which were used to create the upper left panel of Fig. 1;
at larger scale, these fluxes are shown for the above spec-
tral ranges in the wavelength frame reduced to Vr = 0. The
strongest features are marked by atomic numbers z of Ti
atoms formed by corresponding TiO molecules.
The lower panels of Fig. 2 shows fits to spectra of
GJ 15A and B for the cases of the “solar” isotopic ratios
of Ti, i.e. 46Ti:47Ti:48Ti:49Ti:50Ti= 8.3 : 7.4 :73.7 : 5.4 :
5.2 (De Bievre & Taylor 1993; Lodders et al. 2009), and a
“modified” Ti isotopic ratio: 46Ti:47Ti:48Ti:49Ti:50Ti= 10.4
: 9.3: 67.0: 6.8: 6.5, in the latter case abundances of 48Ti
were reduced by 10%, abundances of the other Ti isotopes
were increased by 25%. For simplicity we label this modified
TiO isotopic abundances as the M25 ratios. The compari-
son of two spectra illustrates the sensitivity of the selected
spectral features on changes of Ti isotopic ratio.
We note that all isotopologues features can be clearly
identified in the observed spectra. However, we see only a
rather marginal response in these features to the change in
Ti isotopic ratios. In all cases we see blends of a few lines of
different isotopes, and the dominant contribution of 48TiO.
The lines of 48TiO are saturated which means they show
a rather weak response to isotopic abundance changes. A
qualitative, by-eye estimates of the comparison of the fine
details between the observed and computed spectra seems
to suggest a better fit for the case of “solar” Ti isotope ra-
tios. These fits adopted [Ti] = A⊙(T i) − A∗(T i) = −0.1,
where A⊙(T i), A∗(T i) are abundances of Ti in the atmo-
spheres of the Sun and star, for GJ 15A and −0.2 for GJ
15B.
Fits to the x1 spectral range for spectra of GJ 15A and
GJ 15B using three line lists for TiO isotopologues are pre-
sented: S98 –Schwenke (1998), P12 – updated Plez (1998)
and Toto of the Exomol group (McKemmish et al. 2019).
Plots with the fits are given in Figs. A.1 of Appendix which
show fits to the observed spectra across the selected regions
also illustrated in Figs. 2. We performed fits to the head of
γ system at 7054 Å. Computed χ2 minimisation sums are
given in table 3. In all cases Toto provides the best fit.
The following conclusions were also made from the
comparisons.
a) Positions of the strong absorption feature formed by
absorption of photons across 48Ti transitions agree well, but
the intensities disagree in some cases.
b) We see more pronounced differences in the positions
and intensities for lines belonging to other, less abundant
TiO isotopologues.
c) Formally computed S parameters obtained using of
different line lists differ from each other, see Table 3.
We note that this, rather narrow and phenomenologi-
cal, comparison of results obtained with different line lists
cannot provide a final conclusion about which is the best
one. However, our conclusions are valid for three spectral
ranges, which have been used by different authors for Ti
isotopic abundance analysis.
However, if we combine our findings with the more
sophisticated, deeper and independent analysis made by
McKemmish et al. (2019) and Bernath (2020), we find gen-
eral agreement that the Toto is the best one. Indeed, even
by-eye inspection confirms that the Toto line list is better
at reproducing the observed features in terms of both line
intensities and line positions, see Fig. 3.
3.2.2. Spectral range x2
The spectral range x2 is favorably different from x1. Heads
of the TiO bands are well spaced across the wavelengths
which improves their identification and analysis. This is
more relevant for the band heads of 50TiO and 49TiO which
are located before the head of the strong 48TiO band. De-
spite the strong blending between the 50TiO band head and
an Fe I line, the spectral detail is clearly seen in the observed
spectrum, which is relevant to stars with low v sin i .
Unfortunately, in spectra of the two stars the 46TiO
band head coincides with strong telluric feature. Still,
molecular band heads of other TiO isotopologues are seen,
therefore we were able to determine all ratios, 46Ti was
determined as 100 - (47Ti+ 48Ti+ 49Ti+ 50Ti). Moreover,
we include [Ti] in the minimisation process due to the de-
pendence of isotopic ratios on the abundance of element,
see fig. 2 in Pavlenko et al. (2020) for the case of the car-
bon isotopic ratio determination. Indeed, strong and weak
features show different responses to abundance variations.
We performed isotopologues abundance analysis using
the determination of min S(47Ti, 48Ti, 49Ti, 50Ti, and [Ti])
for the set of synthetic spectra computed for the grid of
input parameters:
– 47Ti varies in the range [3.0 – 10.0] with step 1.0;
– 48Ti varies in the range [71.5 – 77.5] with step 0.5 ;
– 49Ti varies ithe range [3.0 – 10.0] with step 1.0;
– 50Ti varies in the range [3.0 – 10.0] with a step 1.0;
– [Ti] varies in the range [0 – 0.1] and [0.1 – 0.2] with a
step 0.02 for GJ 15A and GJ 15B, respectively.
7Table 3. Parameter S computed across fitting ranges given as wavelengths in Å.
7053 – 7060 7071 – 7084 7580 – 7594
P12 0.73 ± 0.03 (A) 2.75± 0.04 0.75 ± 0.02
2.11 ± 0.05 (B) 7.60± 0.08 3.50 ±0.04
S98 0.66 ± 0.03 (A) 2.45± 0.04 0.76 ± 0.02
1.64 ± 0.04 (B) 3.64± 0.05 3.40 ±0.04
Toto 0.47 ± 0.02 (A) 1.10± 0.03 0.73 ± 0.02
1.28 ± 0.04 (B) 2.32± 0.04 3.19 ±0.04
Table 4. Isotopologues abundances and Ti abundance in at-
mospheres of GJ 15A and GJ 15B.
Isotopologue the Sun GJ 15A GJ 15B
46Ti 8.3 7.9 ± 0.01 7.4 ± 0.3
47Ti 7.4 5.2 ± 0.01 4.2 ± 0.4
48Ti 73.7 72.8 ± 0.01 76.6 ± 0.2
49Ti 5.4 7.9 ± 0.01 5.8 ± 0.3
50Ti 5.2 6.2 ± 0.01 6.0 ± 0.0
[Ti] 0.0 0.040 ± 0.001 0.199 ± 0.003
These parameter ranges were determined in a set of nu-
merical experiments.
Our 5D minimisaton procedure provides a set of min-
imisaton sums, S, followed by formally computed errors,
∆S. We obtained Smin = 1.030 ± 0.021 for GJ 15A, and
then averaged solutions falling in the window 1.030 < S <
1.052. For GJ 15B we average solutions in the range 3.332
< S <3.375. Due to higher level of noise in GJ 15B spec-
trum our solution is less confident for this cooler star. Table
4 shows relative abundances of TiO isotopologues deter-
mined from the χ2 fits to the observed spectra of GJ 15A
and GJ 15B.
The green lines in Fig. 3 show spectra computed without
46TiO, 47TiO, 49TiO and 50TiO. Comparison with the ”full“
sample of TiO isotopologues shows the contribution of the
less abundant species to the total spectrum.
Generally speaking, in the ideal case of isolated stars
of similar masses formed a wide binary system we do not
expect large differences in their abundances. As a result
any differences in isotopic ratios may be caused by other
reasons, which might tell us something about our proce-
dure or the physical state of the stars. Here, we find good
agreement in the fits to the 49TiO and 47TiO features, but
we also see some disagreement for 50TiO in the shape and
intensity between the computed molecular bands and the
observations.
To compare the fits of synthetic spectra in the x2 spec-
tral using the different line lists S98, P12 and Toto lists,
S parameter were computed. In these computations we
adopted solar isotopic ratios for the Ti isotopes. The fits to
the observed spectra are shown in Fig. A.2; the computed
values of S for all of them are given in Table 3.
We note, that the two Fe I lines seen in this spectral
range can be fitted with [Fe] = −0.4 for both stars, which
confirms deficit of iron found previously, see Table 1. Our
minimisaton procedure allows us to determine [Ti] = 0.040
± 0.001 and 0.199 ± 0.003 for GJ 15A and GJ 15B, respec-
tively.
3.2.3. Spectral ranges x3 − x5
Unfortunately TiO is weak in the x3 – x5 spectral ranges
for the observed and computed spectra of GJ 15A and GJ
15B. The x3 spectral range is dominated by an Na I line;
here we see only a weak 48TiO band head. This spectral
range may be more useful for giant spectra, where the Na I
8200 Å subordinate triplet is much weaker. Indeed, isotopo-
logue bands are here in “ascending order”, i.e. from 46TiO
to 50TiO, which is the opposite order to the x2 spectral
range.
As we noted above, molecular bands of TiO isotopo-
logues in x4 spectral range form a single feature in the ob-
served and computed spectra, as in x1 spectral range. We
cannot distinguish contributions from TiO isotopologues in
the spectra of GJ 15A and GJ 15B as TiO appears much
weaker here and there is strong pollution by telluric lines.
In the x5 spectral range we observe a descending order
of the isotopologue bands, similar to x2. However, the TiO
absorption is too weak here to form any notable features
which can be used in the analysis.
4. Discussion
Though molecular spectroscopy of TiO provides the most
accurate method of determining titanium isotope abun-
dance in cool stars, analysis of TiO spectroscopy is very
challenging. As a heavy molecular system, the TiO spec-
tra is complex with spectral features formed by blends of
many absoption lines often from different isotopologues. To
obtain high accuracy measurements, it is vital to select the
best spectral region to do high-resolution analysis.
The main aims of this paper are a) to test the new Toto
TiO line list for the determination of the TiO isotopologue
abundances in the observed spectra of cool M-dwarfs, b) to
determine the most appropriate spectral ranges for the de-
termination of Ti isotope abundances in their atmospheres,
and c) to retrieve the Ti isotopic ratios for GJ 15A and GJ
15B to test the performance of this method.
a) Line list accuracy
Previous comparisons of TiO line lists (e.g. by
McKemmish et al. (2019), Bernath (2020), Piette et al.
(2020)) have concluded that the Toto line list is generally
superior to older line lists. However, these comparisons
have not explicitly considered the quality of predicted
isotopologue spectra, i.e. how accurately does each line
list reproduce the astronomically observed isotopologue
frequency shifts and therefore allow the abundance of
different titanium isotopes to be accurately measured
astronomically. In this paper, we have modelled several
8spectral regions that can be used for Ti isotope abundance
analysis in cool stars, comparing our model isotopologue
spectra computed using Toto line list with other available
line lists. Detailed comparisons with high resolution
M-dwarf spectra with different line lists performed in this
paper shows that Toto line list performs much better
than the earlier line lists, particularly in matching line
positions, see Fig. A.1.
b) Best spectral ranges for isotope determination
In the past, majority of researchers concentrated on
analysing of the fine details of absorption spectra formed
in the redward degrading (0,0) band of the TiO γ band
system. However, observable features here are formed by
blends of many lines belonging to different isotopologues.
In our case synthetic spectra computed for the “solar” Ti
isotopic ratios across our x1 spectral range can be fitted
to the observed spectra of GJ 15A and GJ 15B; however,
we found here rather weak dependence on the reasonable
changes (25 %) of TiO isotopologues abundances.
We investigated a few possible spectral ranges and found
that the x2 spectral range is the most useful because the
region contains band heads for four of the five stable TiO
isotopologues, enough for the determination of all titanium
isotope abundances. Note that the 46TiO band head being
severely blended by telluric feature, but 46Ti can be deter-
mined as 46Ti= 100−(47Ti+48Ti+49Ti+50Ti).
Our analysis of band heads across the x2 spectral range
provides more reliable abundances of TiO isotopologues,
especially of 50TiO and 49TiO, which are not blended by
strong lines of 48TiO. Conversely, this spectral range is very
interesting from the viewpoint that some nucleosynthesis
computations predict large deviation of the 50Ti and 49Ti
from the “solar” abundances at the early epochs of our Uni-
verse’s evolution, see Introduction.
We developed a new procedure allowing to determine
all Ti isotope abundances together with Ti abundance us-
ing this spectral region. To find the best solution we applied
a 5D minimisation procedure with input parameters 47Ti,
48Ti, 49Ti, 50Ti and titanium abundance [Ti] to take into
account the dependence of determined isotopic ratios on
the the adopted titanium abundance. In that way we de-
termine the titanium isotopic ratios and abundance of Ti
from our analysis of x2 spectral range in the framework
of the self-consistent approach. This a the key part of our
procedure developed for TiO isotopologue abundances anal-
ysis. Furthermore, to get statistically significant results we
implemented a special procedure as part of our solution
determination. Namely, the set of the best solutions were
sorted in the ascending order of the minimisation sums S,
correspondent isotopic ratios and Ti abundances were av-
eraged across Smin −∆S ≤ S ≤ Smin, where Smin and ∆S
are the minimal S and the formal error of its determination
S, see section 2.4.
c) Analysis of GJ 15A and GJ 15B spectra
In our study, we model TiO spectra of two stars which
form a binary system, specifically the CARMENES spectra
of two M-dwarfs, i.e GJ 15A and GJ 15B, in the spectral
ranges of our interest. We selected GJ 15A and GJ 15B
because a) they are comparatively well studied and b) they
are slow rotators. We anticipated that the isotope abun-
dance in both stars should be equal and thus we could use
the binarity of the system to prove the reliability of our
results in the case that a) we know all abundances in at-
mospheres of both stars, b) their effective temperatures are
well determined, to say, from the fits to observed spectral
energy distributions; c) model atmospheres are computed
for the found Teff , log g and abundances, d) spectra of both
components were observed with the same high quality. Un-
fortunately, none of this conditions are entirely satisfied.
We fixed Teff =3800 K for GJ 15A, and Teff =3500 K for
GJ 15B, and adopt log g = 5.0 for both stars, because the
system is rather old, see Table 1. Furthermore, GJ 15B is
fainter, obtained spectrum for the cooler dwarfs is of lower
S/N, in comparison with GJ 15A.
Our best fits to the observed spectra of GJ 15A and
GJ 15B across the x2 spectral range provide non-solar Ti
isotopic ratios of 46Ti:47Ti:48Ti:49Ti:50Ti = 7.9 : 5.2 : 72.8
: 7.9 : 6.2 for GJ 15A (M1 V) and 7.4 : 4.2 : 76.6 : 5.8
: 6.0 for GJ 15B (M3 V) with accuracy of order ± 0.2.
Furthemore, [Ti] = 0.040 and 0.199 with accuracy ± 0.10
were also determined for GJ 15A and GJ 15B, respectively.
The differences in the isotope abundances between the two
stars is significantly larger than the uncertainties of each
individual determination. It is unclear whether these differ-
ences reflect actual differences in isotope abundances in the
two stellar objects, inaccuracies in the determination of the
relevant physical properties of both systems (e.g. tempera-
ture) or can be attributed to modelling uncertainties. For
more definite conclusions, abundance analysis for all ele-
ments should be considered in both stars. Ideally, observed
spectra of both M-dwarfs should be of the same quality, i.e.
of the same resolution and S/N.
We note some disagreement in the shape and inten-
sity between the computed molecular bands of 50TiO and
the observations. Likely, here we have some contribution
of other unidentified molecule(s). Given the promise of
this spectral region in determining titanium isotope abun-
dances, we suggest detailed consideration of this issue in
the future.
We anticipated that pecularities in abundances can be
explained by the inaccuracies of Teff determination, e.g. we
found that lowering Teff of GJ 15A by 100 K reduces the Ti
abundance for the star by −0.15. Furthermore, the Ti I line
seen in lower panels of Fig. A.3 can be fitted by adopting
[Ti]=−0.2. However, this Ti abundance describes better the
Ti line in GJ 15A. To describe Ti line in GJ 15B spectrum
we should adopt larger titanium abundance. Furthermore,
from the fit to x2 spectral range we obtained larger [Ti] in
the atmosphere of the GJ 15B.
Of note, we found that the binary seems to be Fe defi-
cient, as previously reported by several authors, see Table
1. Indeed, to get reasonable fits to the two Fe I lines ob-
served in x2 spectral range we adopt [Fe] =-0.4, see Fig.
3. Conversely, we obtain rather solar abundance of Ti in
atmospheres of two stars. Temperature changes cannot ex-
plain the observed overabundance of Ti in respect to Fe.
The overabundance of Ti in respect to Fe can be inter-
preted, at least qualitatively, due to α-elements abundance
enhancement in metal-poor stars, see Introduction.
95. Conclusions
Accurate determination of titanium isotope abundances can
shed new light on astrophysical processes. On the large
scale, comparing isotope abundances in atmospheres of the
slow evolving M-dwarfs to abundances in more massive,
fast evolving M-giants could provide the new information
about evolutionary processes in our Galaxy. In individual
astrophysical systems, such as the Earth-Moon system and
host star-exoplanet systems, more local histories can be de-
termined, e.g. near-identical titanium (and oxygen) isotope
abundances on Earth and the Moon challenge the dominant
theory of the formation of the Moon after a giant impact,
see Introduction.
Our results demonstrate that titanium isotope abun-
dances in M stars can be most effectively measured using
high-resolution spectroscopy of TiO in the x2 spectral re-
gion, i.e. air wavelengths of 7580 – 7594 Å, through fitting
observed spectral intensities of many isotopologue features
against models computed using the Toto line list. The suc-
cesses and limitations of this methodology were explored
through detailed studies of the spectroscopy of the GJ 15A
and GJ 15B binary system. We find that for optimal re-
sults Teff , log g , abundances of all elements should be
determined by the most accurate procedure and the spec-
tra of all M-dwarfs should be of the same, very high quality.
Taking into account all uncertanties of our analysis we con-
clude that our determinations is accurate to ∼ 5% absolute
abundance of main isotopologue and 20-30% relative abun-
dances of minor isotopologues. We believe, that the use of
better quality spectra will increase these accuracies by fac-
tor of 10. Fortunately, the spectral range of our interest,
i.e. x2, lies in the near-infrared, where observed fluxes are
larger than in optical wavelengths, and detectors provide
data of higher S/N.
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Fig. 1. Top left: Observed X-shooter spectrum of GJ551 (green line) (Pavlenko et al. 2017) and flux ratio F48/Fall (red line); the
green line shows the observed X-shooter fluxes in the Proxima spectrum. x1, ...x5 mark our spectral ranges of interest. Top right:
Band heads of TiO isotopologues computed for a 2900/4.5/0.0 model atmosphere. All observed spectra are shifted to the zero
radial velocity frame. Middle panels: Theoretical spectra of bands of TiO isotopologues computed across the x2 it (right panel)
and x3 (left panel) spectral ranges. Upward arrows show the positions of head bands of the TiO isotopologues. Downwards arrows
label two Fe I lines seen in absorption. Bottom panels: Theoretical spectra of bands of TiO isotopologues computed across x4 (right
panel) and x5 (left panel) spectral ranges. Position of the molecular band heads are shown by arrows. In all panels observed spectra
of Acturus and Proxima Cen (GJ551) are shown by thin and thick red lines, respectively, to demonstrate locations of notable
atomic and molecular features in the observed spectra.
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Fig. 2. Upper panels: Features created by the TiO isotopologues in the spectral ranges used by Lambert & Luck (1977); Clegg et al.
(1979) to determine the Ti isotopic abundance in M-stars. Theoretical spectra of TiO isotopologues were computed for 3500/5.0/0.0
model atmosphere and solar Ti isotopic ratios. Synthetic spectra are convoluted with R=70,000. The strongest features are marked
by atomic numbers of the Ti isotope in the associated TiO molecule. Blak line shows the Arcturus spectrum (Hinkle et al. 1995).
Middle panels: Fits of theoretical spectra computed for 3800/5.0 model atmospheres to the observed spectra of GJ 15A. Bottom
panels: Fits of theoretical spectra computed for 3500/5.0 model atmospheres to the observed spectra of GJ 15B. Observed spectra
are denoted by red lines, spectra computed for the solar isotopic abundance are shown by green lines, and spectra computed for
M25 isotopic ratios by blue lines.
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Fig. 3. Fits of our synthetic spectra to the observed GJ 15A (left panel) and GJ 15B (right panel) spectra with Ti isotopic ratios
50Ti: 49Ti: 48Ti: 47Ti: 46Ti= 6.2:7.9:72.8:5.2:7.9 and 6.0:5.8:76.6:4.2:7.4, respectively, shown by blue lines. Observed spectra are
shown by red line, fluxes computed with account of only 48TiO shown by green line. Downward arrows mark Fe I lines.
14
Table A.1. An example of input data of 47TiO lines in our
computation
λ (A) in air gf E′′ (eV)
3493.707 3.172E-05 0.890
3493.707 3.172E-05 0.890
3494.907 3.323E-05 0.897
3494.907 3.323E-05 0.897
3496.134 3.481E-05 0.903
3496.134 3.481E-05 0.903
3496.479 3.521E-05 0.917
3496.479 3.521E-05 0.917
3497.389 3.647E-05 0.910
3497.389 3.647E-05 0.910
...
Appendix A:
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Fig. A.1. Comparison of fits to the observed TiO features across x1 spectral range in GJ 15A (left panels) and GJ 15B (right
panels) using line lists of different authors. Here solar isotopic ratios of Ti was adopted.
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Fig. A.2. Comparison of fits to the observed TiO features across x2 spectral range in GJ 15A (left panel) and GJ 15B (right
panel) using line lists of different authors. Here solar isotopic ratios of Ti was adopted.
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Fig. A.3. Top left: Comparison of observed and computed TiO isotopic ratios spectra of GJ 15A and GJ 15B across x3 (top
panels), x4 (middle panels) and x5 (bottom panels) spectral ranges for the solar (green line) and M25 (blue line) abundance ratios.
